Notes on Calculus (PHY 110, Dr. Su)
Summary: Definition: For function y(x):
I X~ hen 8¢ )= .
where y; =y(x;) and y; =y(x;).
Other symbols: d_il([y(x)]’ y'(x), Dy Of y.
Physical example: % =v (instantaneous) velocity
signs. + if upward-pointing, - if downward-pointing

Graphical representation: slope of line tangent to curve slope=tan 6 = dy / dx

y(x)

Some Rulesfor Differentiation
(below c, n represent any constants, u and v are functions of variable x)
Congtant Rule: € =0
dx

Homogeneous Rule: di(cu) du
X

dx
Power Rule: i(x”):nx"‘l
dx
dX_ 1_1—5— i . EEED:i 1) = (- _Zz—i
exl: —=(1)x" =" =1 (Identify Rule) X2 — 3 dx(X) (-1) x >
COWX _d ey OO a2 1
ex3 dx dx(x )_DZDX T 20x
" i —% % - i 2 d d = i 2 = =
SumRule: —(u+v)=—+ = ex: — (32 +2)= - (3x) =@ 3dx(x)+0 (3)(2x) = 6x
Multiplication Rule (also Product Rule or Leibniz Rule): —(uv) = u%+v$
. d ey d (L =
ex: dx(x)—dx(xx) x4+ = (X)) +()(1) = 2x (also from Power Rule)
dDuD du dvD V2 EDED ﬂ QD __ 1dv
Quotient Rule: pviaviamia drviale b —Jv & rviaviaRiadrY 1de/ (Reuprocal Rule)

Chain Rule: d—X{y[u ) :dﬁ_(u)dz_(x)



Derivative of Fundamental Functions

d (x) = d 1
&(e ):e ™ In(x)] =2 —|[sin(x ] cos(x) —[cos(x ] =-sin(x)

ex: %[Zsin(3x+4)] = 2%[8"1(3X+4 ] = Za[sm u ]& (3x +4) = 2cos(u)(3) = 6.cos(3x + 4)
display specia derivatives of specia functions such as, viafortran

sint el logt

distance as an integral
Q: Knowing velocity of an object moving aong aline, v(t), by closely monitoring the

speedometer, can we predict position: x(t) with out using a video tape?

THE MEANING OF A (DEFINITE) INTEGRAL
Q) Displacement for a constant velocity, v(t) = v, over aninterval t, to t;:
total displacement = v At =v(t, —t,)
2 Displacement for two piecewise constant velocities over At,, and At,:
total displacement = v, At +v, At, = ivi At, (notation for summation)
3 Displacement for a continuous varying velocity v(t) over aninterval t, to t,, divided up

into alarge number of N-intervals. Within each interval velocity is approximately constant.

v(t,) At, +v(t,) At, +--- + ( v) Dty

total displacement

ZV ) At, D‘Fﬂﬁaﬁ“ﬁm‘)—»‘[v(t)dt

1=1

Thelast limit is called a (definite) integral of v(t) over t, latin summa. Note that again “d”
in dt means that we can make time interval as small as we want, and we add up al the small

distancesto get the.



Graphical interpretation: area under the curve

v(t) J

v(t) btnlinest=t, and t = t,. to tf

HOW TO EVALUATE AN INTEGRAL

example: 1-d displacement for atime varying velocity v(t)

total displacement = iv(ti) At 0¥ PR T - ]’v(t) dt
= to
Q) Sum for 3intervals separated by coordinates x,, x;, X,, X;:
total displacement Ziv(ti) At = iAxi = (X, = Xo)
+(x, = x4)
+(x =x,)

=X; —Xo =X(t;) = X(to) E[ x(t) :; = x(t) |:;
2 For time varying velocity v(t):

[ f ax(t
t‘[V(t) dt =[ x(t) ] :0 , Where v(t) = #

Relationship between the integrand and the (indefinite) integral:
0 oheffyeeh -

v(t) x(t
- Qe aDnti Ddegvagv«;.of 0

Note: d seems to undo J.

Note: Every function may be differentiated analytically. But not every integral may be integrated in

terms of simple functions already been given names.

Note: It isaways possible to numerically find the sum to any accuracy.



BASIC RULES OF (DEFINITE) INTEGRAL

If x) dx =[ f(x) ] (note:theLHS:}ﬂ%ldx:}d[f(x)])

b b
Homogeneous Rule: Icf(x) dx:cff(x) dx [2xdx=2]xdx
b : b : b
Additive Rule: [ [F0x) +g(x)  dx = [(x) dx + [ g(x) dx J (x2+x3) dx=[ x2 dx+[ x3 dx

b b b
Linear Ruler [[c; f(x)+cp g(x) |dx=cff(x)dx+cpfg(x)ax [ (5x2+6x3) dx=5[ x2 dx+6[ x3 dx

c b c
Additivity with respect to theinterval of integration: [ f(x) dx = [f(x) dx+ [f(x) dx  fo?=[ol+/12
a b

a

b n+l P b
Power Rule: Ix“dxzax B (for n£1) [xdx=x22 ex n:O:de:[x]b
a
Dn+l O, %
b
: — 1. ax _ (R i o]
special for n=-1: J;?—[Inx]a—lnb Ina=In o

Special integrals: Fortran demo:
b b
b

Iexdx:[ex]z Icos(x)dx:[sin(x)]a

a

(x) dx :[ - cog(x) ] Z

W T
(2]
>

APPLICATIONS of INTEGRATIONS
(check which integration rules have been applied)

ex: velocity of aparticle under the constant acceleration, a

t t
%:a SO dv =adt integrate from time O to timet: [dv=[adt
0 0
t
[v(t)];:aj' dt=aft]} we get v(t)-v, = at
0
or v(t)=vy +at (Kinematic equation)

ex: displacement of the previous system:

dx _

T =v(t)=vo+at, SO dx=(vo +at)dt, integratefromtimeOtotimet:

t t t t t t 2[|t 1,
J;dx:J; (vo +at)dt= J;(vo)dt+J’ (at) dt—VOJ’ dt+aJ’tdt—v0[t]0+aEZ B =Vot+Sat’=

andtheLHS = [ x(t) ], = x(t) - x

or X(t) =Xq +Vo t+ %at (kinematic equation)



