INTEGRAL CALCULUSFOR PHY110BY DR. SU

Q: Knowing velocity of an object moving along aline, v(t), can we predict displacement: x(t)-x(0)?
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THE MEANING OF A (DEFINITE) INTEGRAL

Displacement for a constant velocity, v(t) = v, over aninterval t, and t;:
total displacement = v At =v(t, —t,)
Displacement for two piecewise constant velocities over At;, and At,:

2
total displacement = v, At +v, At, = Z v; At; (notation for summation)
1=1

Displacement for a continuous varying velocity v(t) over aninterval t, and t,, divided up
into alarge number of N-intervals. Within each interval velocity is approximately constant.
total displacement = v(t,) At, +v(t,) At, +--- +v(t, ) Aty

N t
= > v(t) ot DB OTEIT - [v(t) dt
1=1 %

Thelast limit is called a (definite) integral of v(t) over t.

Graphical interpretation: areaunder the curve v(t) between linest = t, and t = t,.

HOW TO EVALUATE AN INTEGRAL

example: 1-d displacement for atime varying velocity v(t)

total displacement =_§v(ti) At 0¥ PR TP S }v(t) dt
Q) Sumfor 3 intervalsseparlz;ed by coordinates x,, xtlo, Xo, Xf:
total displacement =§v(ti) At = i AX; = (X, = Xo)
- T -x)
+(x =%,)

= = %o =x(t) ~x{to) =[ x| =X

2 For time varying velocity v(t):

p f ax(t
t_[V(t) dt =[ x(t) | ID , Where v(t) = %

Relationship between the integrand and the (indefinite) integral:
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v(t) x(t
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BASIC RULES OF (DEFINITE) INTEGRAL

}f'(x) ax=[f(x)].  (note: theLHS :}ﬂ%l dx :}d[ f(x)])

a
b

Homogeneous Rule: } cf(x) dx = c[f(x) ax
Additive Rule: }) [ (x)+g(x) ] dx :j’)f(x) dx +}g(x) dx
Linear Rule: } [ cif(x)+c, g(x) | dx = clff(x) dx + czjb'g(x) dx

b

Additivity with respect to the interval of integration: i f(x) dx = J’f(x) dx + J‘f(x) dx
a a b

n+l b
Power Rule: J’x dx = B +1§ (for n#1) ex: n=0: [ dx=[x];
_ 1 2 dx _ b_ _ - 0bD
for n=-1: ly—[lnx]a—lnb—lna—lnmg
Specia integrals.
b b b
Iede:[e"]: Icos(x)dx:[sin(x)]z Isin(x)dx:[—cos(x)]z

APPLICATIONS
(check which integration rules have been applied)
ex:  velocity of aparticle under the constant acceleration, a
dv

Pl SO dv=adt integrate from time O to timett: [av=[ adt
0 0

t

[v()]o=4f di=a[t]; we get v(t) - v, = at
0

or v(t)=vy +at  (Kinematic equation)

ex: displacement of the previous system:
%: (t)=v,+at, SO dx=(vo +at)dt, integratefromtimeOtotimet:

t t 2 t

1
Idx:J' (vo+at)dt _(l;(Vo)d“'_[ (at) dt—voj dt+aItdt—v0[t]O+aD2 DO_V0t+2at2_
(t)

andthe LHS = [x(t) ], =x(t)-x
or x(t) =xo + vO t+ %at (k| nematic equation)
ex: work by weight: _[mgdx mgI dx = mg[ x ] o =Mg(d-0)=mgd

d
ex: work by elastic force in a spring: Ikxdx kJ’xdx k B= ?L %E %
2 [



